
I N F L U E N C E  OF I N T E N S E  M A S S - T R A N S F E R  P R O C E S S E S  

ON T H E  I N T E G R A L  C H A R A C T E R I S T I C S  OF AN 

E L E C T R O D Y N A M I C A L L Y  A C C E L E R A T E D  P L A S M A  
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F r o m  the Bo l t zmann-Vlasov  equations for a par t ia l ly  ionized plasma a set of ordinary dif- 
ferential  equations is derived to descr ibe  the electrodynamic accelera t ion of a plasma in the 
integral  approximation.  The influence of intense m a s s - t r a n s f e r  p rocesses  and drag forces  
on the electrodynamic accelera t ion of a plasma is analyzed. 

Intense m a s s - t r a n s f e r  p roces se s  exert  a pronounced influence on the charac te r i s t i c s  of a moving plas-  
The most  complete descript ion of the electrodynamic accelera t ion of a plasma is based on the physical  ma. 

kinetic equations. The Bo l t zmann-Vlasov  equations for a par t ia l ly  ionized plasma in external and self- 
consis tent  e lectromagnet ic  fields have the form 

df~ e~ B) ~ -~ J~ + K a, (1) dfa -[- V? ma av~ dt ~ + (E+  V,• 

OB (2) rot E . . . .  , . 
Ot 

rotH~- O D + j ,  (3) 
Ot 

div B = 0, (4) 

div D = q. (5) 

Ordinari ly the p lasma is regarded  as a par t ic le  sys tem of identical electrons,  ions, and neutral  mole-  
cules .  The Bo l t znmnn-Vlasov  equations then decompose into three equations for the electronic,  ionic, and 
neutral  components,  and the p lasma is said to be a three-f luid body. 

The difficulties inherent in this descript ion a re  obvious and so far  have remained almost  intractable.  
However, if we a re  in teres ted in the fine s t ruc ture  of the p rocesses  involved and confine them to a more  
approximative description, we need mere ly  take account of the influence of various fac tors  and effects on 
the eleetrodynamic accelera t ion of a p lasma.  

We obtain the following three-f lu id  p lasma-dynamic  equations f rom the kinetic equations by the meth- 
od of moments:  

m On~ + div m~n~V,~ = S~, (6) 
Ot 

m ane e - - ~  + div meneV e = Se, (7) 

m Onl + d i v m i n i V  ~ = S~I (8) 
'0--7- 

The second moments  of the kinetic equations give the equations of motion (conservation of momentum), which, 
neglecting gravitat ional  forces ,  we write in the form 
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dV n men e mln i 
m~n~. = ~ g r a d P ~ +  (Ve--V~) + - .  (Vi--V~), 

d~ Ten Tin 

mene dVe g r a d P e ~ n e l e l [ E +  j•  
dt 

neme W e - - V n ) -  n'me (V e - v l ) ,  
Ten Tel 

dVe 
min i - -  grad Pi q- ni[ e] [E q- ] • B] 

dt 

nimi (V i --Vn)-~ mJti (V~--Vl). 
Tin Te~ 

(9) 

(10) 

(11) 

The third moments  give the energy equations, which we shall d i s regard .  

The last  t e rms  in Eqs.  (9)-(11) containing the relaxation t imes  Ten, Tel, and Tin a re  determined by 
inelastic coll isions of the components (integral K ~). The set of equations (6)- (11), augmented with the 
equations for the energy and state of the gas, kinetic equations (in the fo rm S n, Se, and Si), and the Max- 
well equations (2)- (5), fo rms  the complete  set of equations of three- f lu id  plasma dynamics.  

The following condition holds for  a quas i -neut ra l  plasma: 

n e = n i = n. (12) 

Introducing the center-of-mass  velocity of the three fluids: 

Vc m = nvn~V l + nemeV e + n~m~V~ , (13) 
rain ~ + mene -}- m,~n,~ 

the mass  density: 

p = n (m i -}- me) + m~n,~, (14) 

the cu r ren t  density: 

and 

j = [el n(V~--V,) ,  (15) 

P = P .  A- Pe -4- Pi, (16) 

we obtain the set  of equations of one-fluid magnetoplasma dynamics 

0p + divpVc m =S ,  (17) -y  

dVcm = - -gradP q: eE + ] X B + F. (18) 
P" dt 

The equation of state of the one-fluid plasma is wri t ten in the cus tomary  fo rm 

t ) = RpT. (19) 

In the transi t ion f rom three- f lu id  magnetohydrodynamics to the one-fluid case  we obtain a genera l ized  
Ohm's law in the fo rm 

%% �9 0] = ~ ( E + V c m •  ) ~ ( me ) j - - - ~  l • B -~- x~ - ~  + ~ -  grad P~ --  --m~ grad Pi + ~ (Veto --  Y~), (20) 

in which 

r e is the Hall parameter; (21) 

1 _ 1 + 1 ,  + m_._~ 1 . 
% Te ~ Te~ rn~ xi, ~ (22) 

m, ( 1 1 ) .  (23) 
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l me ( 1  _ +  1 + m e 1 )., (24) 
(Y " e 2~  T'e i Ten m i  T'i n 

[ e l B  (25) 
0 )  e ~ - -  , 

m e 

We now introduce the in tegra l  c h a r a c t e r i s t i c s  of the moving p lasma:  i ts  ave r age  m a s s  m and the 
veloci ty  v of the cen te r  of iner t ia  of the p l a s ma  for  mechanical  p roces se s ;  and the voltage and cu r ren t  in 
the c i rcu i t  for  e l ec t r i ca l  p r o c e s s e s .  We rep lace  the magnetohydrodynamie equations by the Newton equa- 
t ions with va r i ab le  mass ,  taking account of m a s s - c h a n g e  kinetic p r o c e s s e s ,  and rep lace  the Maxwell equa- 
t ions by the Kirchhoff  equations for  the e lec t r i ca l  c i rcui t ,  as  is a lways admiss ib le  when the d isp lacement  
c u r r e n t s  in the a c c e l e r a t e d  p l a s m a  a r e  smal l .  Then as a resu l t  of this t r ans fo rma t ion  the set  of equations 
for  the e lec t rodynamic  acce le ra t ion  of a p l a s m a  is wri t ten in the f o r m  of a se t  of o rd inary  different ial  equa- 

dmv 1 12 d_.L_L __ F, 
dt 2 d z  

dm 
- - M  (t, v, I ,  z), 

dt  

tions: 

d V  1 
- -  I ,  

dt C o 

d--~ + P'~ + Vp~ + m t =  O, 

dz 

dt 

(26) 

(27) 

(28) 

(29) 

(30) 

The s y s t e m  (26)-(30) can be der ived  by the var ia t ional  method, s ta r t ing  with the Lagrangian of an 
e l ec t romechan ica l  c i rcu i t  with moving m es hes  [4]. 

We now cons ider  the influence of m a s s - t r a n s f e r  p r o c e s s e s  genera ted  by the diffusion and r ecombina -  
tion of pa r t i c l e s  of the acce l e r a t ed  p l a s m a  and its m a s s  i nc rea se  due to e lec t rode ablation, charge  t r ans fe r ,  
and the st icking of e lec t rons  to ions on the e lec t rodynamic  acce le ra t ion  of a p l a sma ,  and elucidate the r e l -  
a t ive  contribution of f r ic t ion and drag  fo rces  working against  acce le ra t ion  of the p l a sma .  Taking all of 
these  p r o c e s s e s  into account,  we wri te  the set  of equations (26)- (30) in the f o r m  [1] 

dmv  b 

2 

dm 

dt 

dt 
12 - -  (blv q- b2vm + b 3 [ I [ v Jr bay 2 -'r . �9 .), 

a i m  - -  a2m 2 -}- a3 l I ]  -}- a4I ~ 4- . . . .  

(31) 

(32) 

(33) 

(34) 

dV 
I - ~ - - C  o 

dt 

d L I  
- - + R I - - V = O ,  

dt  

L = L o + bz, (35) 
where  a t (i = 1, 2, 3, 4) and bj (j = 1, 2, 3, 4) a r e  propor t iona l i ty  f ac to r s  affect ing the e lec t rodynamic  acce l -  
era t ion p rocess ;  they have a l r eady  been d i scussed  in [1]. 

For  the solution of the set  of equations (31)-(35) with the given values of the sy s t em p a r a m e t e r s  we 
specify  the initial  conditions: 

z = O ,  v = O ,  I = 0 ,  V = V o, m --= m o (36) 

a t t = 0 .  

In d imens ion less  va r i ab l e s  the set  of equations (31)-(35), reduced to canonical  form,  appea r s  as  fol -  
lows: 

dy 
_ y ' ,  ( 3 7 )  

d~ 
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Fig. 1. Efficiency ~ and kinetic energy Wk/W 0 versuu  
t ime  T for  the p a r a m e t e r s  (45) of the set  of equations 
(37- (40). 

where  

dy'  q t �9 , y r  ,~ 

ep, ~ _ v_y_ ( ~  + ~2~ + ~31 ~'1 + 8~v ) - -  ( - -  Y,v~ - -  ~2~ ~ + va I ~'I + ~ ), 

d~ = _ ~p,, 

d~ 

d(p' (p - -  a~p' - -  yqp' 

d~ 1 + y  

d~ 
d~ 

,2  
- -  = - -  ~ / , e  - -  Y2~ = + Ya I q/[ + %~0 , 

(3s) 

(39) 

(40) 

(41) 

b2C~V~ = R _r]/-07o 
q =  2moLo ; --fro ; 

Yx = al V'LoCo; v~ = a2mo V LoCo ; 

y3 = a3C~176 ; Y~ = C~V~o__ a~; 
mo mo V LoCo 

~' = ~ o  V L ~ 1 7 6  ; 62 = b2 ] /L~176 ; 

8 1 m i C o V  o 84 b~L o . 

a 2 e m o ' ---- bm o ' 

~= t___Z__ ; b 
VL-~ Y = --*;Lo 

, , . / - - 0 7  v . 

Y "=~ V W  ~; ~ =  v--7' 

. ,  , , /  L-7 I m 
"~ = V  ~ ~ ; ~ =  m-7" 

(42) 

The initial conditions (36) in dimensionless  var iables  for T = 0 assume the form 

y = O ,  y ' = O ,  r q~=l ,  ~ = 1 .  (43) 

The physical  in terpre ta t ion  and values of the p a r a m e t e r s  q, ~, 5 i, and T i, as  well  as  the influence of 
the given p r o c e s s e s  on the in tegral  c h a r a c t e r i s t i c s  of the moving p lasma ,  i . e . ,  the c e n t e r - o f - m a s s  veloci ty  
y '  of the p lasma ,  the path y t r a v e r s e d  by the p lasma,  the m a s s  ~ of the acce l e r a t ed  p lasma ,  the voltage ~, 
and the cu r ren t  q~', have a l ready  been analyzed in [1]. 
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Fig.  2. Momentum P = #y '  v e r s u s  t ime  "r for  the p a r a -  
m e t e r s  (46) (a) and (45) 0a) of the se t  of equations (37)- 
(40). 

We now invest igate  the eff iciency and momentum assoc ia ted  with the e lec t rodynamtc  acce le ra t ion  of 
a p l a sma ,  taking account  of the given t r an s f e r  p r o c e s s e s  and the f r ic t ion and drag  fo r ce s .  The initial se t  
of equations (31)-(35) has  a f i r s t  in tegra l  express ing  the conservat ion  of energy,  and we wri te  it  in the f o r m  
of an energy  ba lance  equation, both s ides  of which a r e  divided beforehand by  the energT W 0 s to red  in the 
capac i to r  [2]: 

I = @ + ( 1 + y ) ~ ' ~  cp"dT+ + W--~" 
0 

The set  of equations (37)-(40), (44),subject to the initial conditions (43),has been solved numer ica l ly  
by the R u n g e - K u t t a  method with integrat ion step h = 02. on r and va r i ab le  p a r a m e t e r s  6I, 62, 63, 64, T~, 3'2, 
T3, T4, and q. The r e s u l t s  of the calcula t ions  a r e  given in Figs .  1 and 2. To fac i l i ta te  compar i son  the 
var ia t ion  of l ike v a r i a b l e s  in the acce l e ra t ion  p r o c e s s  is show~:t in each f igure .  The cu rves  of Figs .  1 and 
2b co r r e spond  to the following values  of the p a r a m e t e r s  of the se t  of equations (37)-(40): 

1 q=0.24 a=O. 1, 'yl=~z=~3=y4=l, 61=63=~==0 , 62=0,1; 
2 q= l ,  a=O.1, y~=y3=~/a=l, y2=O,1, 61=~a=8~=0, 6~= 0.1; 
3 q=t, a=O,1, y i = y 2 = y s = u  61=6e=t~a=6~=O.1; 
4 q=l, a=o,l, w=v2=v3=v,=l, ~,=~=,~=~,=o; 
5 q = t ,  a=O.1, ~,~=y~=ys=y~=l, 6~=8~=0,1, 8s=8~=0, 

and the cu rves  of Fig. 2a c o r r e s p o n d  to the values  of the p a r a m e t e r s  

(45) 
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I q : l ,  a=0,1, 

2 q=l ,  a=0,1, 

3 q= l ,  a=0,1, 

4 q= l ,  a=0,1, 

5 q= l ,  a = 0  A, 

yi=72=0, ~'~=7,=1i 61=6~=6~-=0, 62=1; 

71=yz=O, 7n=y~=l ,  61=63=6~=0, 6z=O,t; 

yx=yz=O, ya=l,  y,--O,1, 6x=Oz=64=O , 62=0,1 ; 
yl=yz----0, y3-----y4=0,1, 61----6a=6~=0, 62=0,I; 

71----ya----y~= 1, y2= 0, 61=63=64=0, 6~----0,1. 

(46) 

Curves 6 in all the f igures were plotted f rom the data of [3] for the case  in which mass  re lease  does not 
take place in the accelerat ion p rocess .  

Figure 1 shows the variat ion with the t ime ~" of the efficiency 7, which is defined as the ra t io  of the 
kinetic energy of the plasma jet to the electrostat ic  energy stored in the capaci tor  and expended for acce l -  
eration of the plasma.  This definition is expressed as follows: 

WH -- ~Y" (47) 
~l = Wo 2q 

The combined influence of the intense diffusion of par t ic les ,  their  recombination, ablation, and viscous 
forces  on r7 can be est imated f rom curve 1. A tenfold reduction of the pa ramete r  72 charac ter iz ing  the 
recombination p rocess  or of the pa ramete r  62 , which accounts for the influence of diffusion v i scous - f r i c -  
tion forces,  elicits an increase  in the efficiency. The complete solution of the set of equations (37)-(40), 
(44) with the given pa rame te r s  is represented  by curve  3. It is c lear  that when the combined influence of 
all the indicated p rocesses  is taken into account the efficiency is sharply reduced, its maximum falling in 
the t ime interval ~" = 2.2 to 2.6 and not exceeding 0.2150. Curve 4 in compar ison with curve 3 enables us 
to a s ses s  the influence of drag and friction forces  onthe efficiency and kinetic energy.  This curve c o r r e -  
sponds to the case Yi = 1, 6i = 0, and curve 5 to the case Yi = 1; of the drag forces,  only the forces  as -  
sociated with diffusion t ransfer  friction and fr ict ion at the electrodes a re  taken into account. 

An analysis  of these curves  shows that a large part  of the energy is spent in overcoming the lat ter  
forces .  Their  reduction leads to a perceptible increase  in the value of 77. The solution of the set of equa- 
tions (37)- (40), (47) for the pa r ame te r s  (46) is given in [2]. 

Graphs of the momentum P as a function of the time ~" a re  shown in Fig. 2a; the momentum is de- 
fined as the product of the mass/~ and velocity y ' :  

P ----- ~t9'. (48) 

It is apparent f rom Fig. 2a that when m a s s - t r a n s f e r  p rocesses  are  taken into account the result ing values 
of the momentum are  smal le r .  The f i rs t  maxima in these cases  coincide in t e rms  of the acce!erat ion t ime 
% as in the case  of 77 [1], and their values a re  between the l imits f rom 0.4852 to 1.003. As remarked  in 
[1], a reduction in the mass  re lease  natural ly increases  the plasma velocity, but the total momentum can 
decrease  in this event. 

The resul ts  of calculations based on (48) for the pa rame te r s  (45) of the set of equations (37)-(40) are  
shown in Fig. 2b. As in the case  of ~? (Fig. 1), when the combined influence of all the given physical  effects 
result ing in mass  t ransfer  is taken into account, the developed momenta a re  reduced (curve 3). Comparing 
curves  i and 2, we notice that increasing q in the cases  indicated leads to an increase in the momentum. 

The foregoing analysis shows that the enumerated m a s s - t r a n s f e r  p rocesses ,  along with the fr ict ion 
and drag forces,  produce a significant degradation of the result ing integral charac te r i s t i cs  of the moving 
plasma in electrodynamic accelerat ion.  The calculations pe r fo rmed  above suggest ways in which the re la -  
tive influence of these p rocesses  can be evaluated and improved. 

fo~ 

co/ 
moL 
t 
x[ 
E, H 

N O T A T I O N  

is the distribution of each plasma component; 
is the kinetic velocity of par t ic les  of the given component; 
is the charge of the given par t ic le  species; 
is the mass  of the latter; 
is the time; 
is the i- th coordinate; 
a re  the electr ic and magnetic field strengths; 
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is the magnetic induction; 
a re  the elastic and' inelast ic  collision integrals; 
is the cur ren t  density in plasma; 
is the f r ee - cha rge  density in plasma; 
is the e lectr ic  induction; 
a re  the source  functions describing the transi t ion of one plasma component to another; 
a re  the densit ies of neutrals ,  electrons,  and ions; 
are  the masses  of the latter; 
a re  the hydrodynamic veloci t ies  of the components; 
a re  the collision t imes  of e lectrons with neutrals  and ions; 
ts the collision t ime of an ion with a neutral; 
Ls the density of external mass  sources;  
Ls the total plasma frict ion force; 
is the absolute temperatu're;  
Ls the gas constant of the plasma; 
~s the total p r e s s u r e  or momentum; 
~s the La rmor  frequency of electrons; 
Ls the e lec t r ica l  conductivity; 
Is the mass  of acce lera ted  plasma; 
ts the cen te r -o f - ine r t i a  velocity of acce lera ted  plasma; 
~s a charac te r i s t i c  function describing the mass -change  kinetics; 
~s the current ;  
is the voltage; 
~s the distr ibuted inductance per  unit length of acce lera tor ;  
~s the capacitance; 
~s the overal l  sys tem inductance; 
~s the circui t  res is tance;  
~s the voltage drop ac ros s  plasma; 
ts the coordinate of plasma center  of inertia; 
is the initial mass  of plasma before  acceleration; 
Is the inductance of input leads and capacitor;  
~s the energy spent in m a s s - t r a n s f e r  p rocesses  and other losses;  
ts the s tored energy in capaci tor .  

2. 
3. 
4. 
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